Abstract. The purpose of this paper is to establish an analogue of Cowling-Price theorem for the Bessel-Struve transform. Also, we provide Hardy's type theorem associated with this transform.
INTRODUCTION
The uncertainty principle states that a nonzero function and its Fourier transform cannot both be sharply localized. In the language of quantum mechanics, this principle says that an observer cannot simultaneously and precisely determine the values of position and momentum of a quantum particle. A mathematical formulation of these physical ideas was first developed by Heisenberg [8] in 1927. Later, precisely in 1933, Hardy [7] has obtained a theorem concerning the decay of a measurable function f on R and its Fourier transform F f at infinity. This theorem can be stated as follows Theorem 1.1. Let a > 0, b > 0, C > 0 and let f be a measurable function on R such that ; a:e x; y 2 R: ð1Þ
We have, An L p version of Hardy's theorem has been obtained in 1983 by Cowling and Price [3] . Precisely, they have obtained the following theorem Theorem 1.2. Let f be a measurable function on R such that ke a fk p < þ1 and ke b F ðfÞk q < þ1; ð2Þ
where a > 0; b > 0; e a ðxÞ ¼ e ax 2 ; 1 6 p; q 6 þ1 and min(p, q) < +1. We have,
(1) If ab P 1 4 then f = 0 almost everywhere. (2) If ab < 1 4 then there exist infinitely many linearly independent functions satisfying conditions (2) .
In this paper, we consider the Bessel-Struve transform, for a > À where U a is the Bessel-Struve kernel given by U a ðxÞ ¼ j a ðixÞ À ih a ðixÞ: j a and h a are respectively the normalized Bessel and Struve functions of index a. These kernels are given as follows
By proceeding as the same way of the paper of Gallardo and Trimche [6] , we establish for Bessel-Struve transform the analogue of Cowling-Price's and Hardy's theorems. The paper [6] deals with Dunkl operators. The method of this paper has been used in the case of the Dunkl-Bessel differential difference operator by Mejjaoli and Trime`che [10] and in the case of Che´bli-Trime`che operators by Trime`che [15] In the fourth section, we study an analogue of Theorem 1.1 associated with the Bessel-Struve transform. In particular, if ab ¼ 1 4 and a a half integer, the functions satisfying the hypotheses of Hardy's theorem for Bessel-Struve transform are precisely determined by fðxÞ ¼ const:e Throughout the paper, C designates a real number which can differ from line to other.
BESSEL-STRUVE TRANSFORM
We consider the Bessel-Struve operator ' a ; a > À 1 2 , defined on C 1 ðRÞ by
For k 2 C, the differential equation:
( possesses a unique solution denoted U a (k). This eigenfunction, called the Bessel-Struve kernel, is given by :
The kernel U a possesses the following integral representation:
, we denote by L p a ðRÞ, the space of real-valued functions f, measurable on R such that
where dl a ðxÞ ¼ AðxÞdx and AðxÞ ¼ jxj 2aþ1 ; kfk 1;a ¼ ess sup x2R jfðxÞj < þ1:
The Bessel-Struve kernel U a is related to the exponential function by
where v a is the Bessel-Struve intertwining operator (see [9] 
is called Weyl integral transform associated with Bessel-Struve operator.
Remark 2.2. By a change of variable, W a f can be written Using Chasles relation and a change of variable, we get
From Fubini's theorem, we obtain
By a change of variable and using relation (5), we find that
A change of variable and Chasles relation imply
In the next section, we need the following lemmas of Phragmen-Lindlo¨f type that we get using the same technique as in [3] . (2) kh jR k a;1 < þ1, for some positive constants a and M. Then h is a constant on C.
COWLING-PRICE THEOREM ASSOCIATED WITH THE BESSEL-STRUVE TRANSFORM
We denote e a the function given by e a ðxÞ ¼ e ax 2 ; x 2 R. is well defined and entire on C. Moreover, for all n; g 2 R, we have
Proof. From analyticity theorem under the integral sign, we deduce that the function defined on C by (15) is well defined and entire on C.
On the other hand, since f 2 L 1 a ðRÞ then W a ðfÞ 2 L 1 ðRÞ and the function z# R R W a ðfÞðxÞe Àixz dx is well defined and entire on C.
Consequently, from (11) we deduce that for all n; g 2 R, we have for some constants a > 0, b > 0, 1 6 p, q 6 +1 and at least one of p and q is finite. We have ½, the functions having the formf ðxÞ ¼ P ðxÞe Àdx 2 , where P is an even polynomial on R, satisfy relation (17).
Proof. Assume that p is finite. Firstly, suppose that ab P 
This function is entire on C and using (16), we obtain 8z 2 C; jhðzÞj 6 Ce
In the following, we distinguish two cases for the number q. (11) and (17), we deduce that the function W a (f) verifies ke a W a ðfÞk p < þ1 and ke b F ðW a ðfÞÞk 1 < þ1: Therefore, from Theorem 1.2, we get that W a f = 0 almost everywhere and then f = 0 almost everywhere.
We suppose now that ab < 
